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Modeling spacetime

Thus far, we have seen various steps, each with a better theory, that is, 
valid over a greater range of parameters of interest: 

Newtonian space and time: absolute space and time. Newton 
realized very well this runs counter to cosmology. With a uniform 
distribution of stars, it would predicts the sky to be infinitely 
luminous. But the sky at night is essentially dark! (Olbers’ paradox) 

Newton was very cautious, hesitant to wander into  
arenas he know he did not understand. 

Minkowski spacetime with causality by invariant light cones. While  
harmonizing spacetime with Maxwell’s equations - prescribing the 
velocity of light to be observer invariant - it runs into the same 
cosmological problem that Newtonian space and time runs into.

Add  to 
spacetime

c
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…  towards a cosmological spacetime

FLRW line-element of homogeneous and isotropic cosmological 
spacetime. This is not a theory, but a (very successful) frame work to 
explore applications of general relativity. 

Add  to 
spacetime

G

ΛCDM: A specific setting for  from the Friedmann equations. It is 
not a theory (it does not derive from new first-principles), but, with 6 
free parameters, it is remarkably effective in fitting the power 
spectrum of the CMB).

a(t)

Add 6 
parameter
s (Λ, …)

As argued in the previous section, cosmology, in the conventional sense, is the study of the 
dynamics of these large scale degrees of freedom. It is not about everything, it is about a 
relatively small number of degrees of freedom.  F. Vidotto (2017), p305
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T0 ≃ 2.7 K, δT/T0 = 𝒪 (10−5)

“Ripples in the cosmic pond” (Brian Koberlein)

https://archive.briankoberlein.com/2014/09/03/three-peaks/index.html
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J. Alberto V ́azquez, Luis, E. Padilla, Tonatiuh Matos, 2020, Rev. Mex. Fis. E, 17, 73  

Early cosmology: the CMB
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Extracting a CMB power spectrum

δT
T0

(θ, φ) =
1
3

Ψ (ηD, xD) = ∑
lm

αlmYlm (θ, φ)

αlm = ∫
δT
T0

(θ, φ) Y*lm (θ, φ)

: conformal time at the end of inflation, when inflation field 
decayed at time of reheating (baryogenisis)

: co-moving radius of surface of last scattering

ηR

RD

e.g., D. Sudarsky, 2017
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⟨0 δϕ(x)δϕ(y) ⟩ = ∫ P(k)eik⋅(x − y)d3k

αlm =
4πil

3 ∫ jl (kRd) Y*lm ( ̂k) Δ(k)Ψk (ηR) d3k
(2π)3

Relation to primordial fluctuations

: transfer function of evolution of primordial inhomogeneities 
to  from 
Δ(k)

RD ηR

e.g., D. Sudarsky, 2017
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CMB power spectrum

Cl =
1

2l + 1 ∑
l

αlm
2
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“The pie” in three peaks

curvature > 0 curvature < 0

W. Hu
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 measurements cover a  
broad range of scales. 
  
Plot shows consistency of mass  
variance in︎ CDM/ΛCDM versus  

observations: 

• CMB and Atacama cosmology telescope (ACT) observations 

• large cluster galaxy weak lensing,  

• clusters and SDSS galaxy distribution 

• Lyman alpha forest

P(k)

Consistency

J.R. Primak (2017), adapted from Hlozek et al. (2012) 
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Putting a theory to the test

“Successful scientific theories make specific predictions which can be 
tested.” G.F.R. Ellis (2017) 

“It is not a satisfactory methodology to use observations to construct a 
description of space-time.” J. D. Barrow 

“Knowing how much weight to attach to theory and observation can be tricky. 
Lesson 5: Be prepared to apply known physics in new domains. We cannot 
be sure that it is a cosmological constant.” B. Carr

 in The Philosophy of Cosmology, eds. K. Chamcham, J. Silk, J.D. 
Barrow, S. Saunders, Cambridge University Press, p29, 105, 51
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Parameter space of cosmological spacetime

β = v/c

ϵ =
RS

r

1

ϵt 1

α
≤

a d
S

r
=

R S

Compact 
binaries

rt = RgRH

———β = ϵ/2
Galactic disk

Solar 
system

Stars around 
SgrA*
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How effective is ΛCDM?

Newton gives an effective theory of 
gravitation the Solar system. Yet, it is woefully 
inadequate outside its domain of validity, set 
by the velocity of light  and the gravitational 
radius , that is, it applies to non-relativistic 
motion at distances much greater than the 
Schwarzschild radius of gravitating objects 
( ). 

c
Rg

v ≪ c, ϵ = Rg/r ≪ 1

An effective theory in one arena may be suitably challenged by observations on beyond 
its domain of validity. This starts with well-defined questions, e.g., is ΛCDM effective at 
all angular scales? In particular, this pertains to both ends of the : 

          What are effective probes of ? This takes us deep inside galaxies, facing  
             a 6σ discrepancy between SPARC rotation curves of spiral galaxies and ΛCDM  
             galaxy models across  (Lecture 11).  
          
         What are effective probes of ? This is determined by the Hubble parameter . 
         

P(k)

l ≫ 103

α = adS

l = 0 H0

ϵt 1

β = v/c

α
<

a d
S

r
=

R S

Solar 
system

ϵ =
RS

r

rt = RgRH

Galactic disk

Stars around 
SgrA*

1

Compact 
binaries
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Summary

Excellent fit to  CMB (inheriting primordial inhomogeneities) and 
large scale structure (coming out of the inhomogeneities in the CMB).  

At the ends of   is represented by the Hubble parameter , 
very large  takes us into galaxy dynamics. 

Entirely independent measurements of  in the Local Distance Ladder 
and, respectively, galaxy dynamics pose observational challenges to 
ΛCDM. (The latter shows 6σ discrepancy between SPARC rotation curves 
of spiral galaxies and ΛCDM galaxy models across , Lecture 11). 

ΛCDM is also challenges by theory: does a stable de Sitter state exist, 
predicted by ΛCDM to be our distant future in the limit as ?

P(k)

P(k) : l = 0 H0
l ≫ 103

H0

α = adS

z → − 1

ΛCDM is successful but challenged at both ends (IR-UV limits of ):P(k)
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-tension problemH0

 is measured at high resolution by the Local Distance 
Ladder and ΛCDM fits to the CMB power spectrum. 

Both provide excellent data-sets, the first continuously 
improving. (Improvements on the latter awaits new 
satellite missions.)

H0

The results do not agree …
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Freedman et al. 2017

H0 by local 
distance ladder

H0 by age of the 
Universe in 
ΛCDM/CMB

ΔH0

H0
= 9.6 % (4.4σ)

18

-tension problemH0
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Freedman et al. 2019 ApJ 882 34 

“.. as we assume that the brightest red giant’s peak 
brightness is the same..”

19

 from ARGB in galaxies in the Local Universe? H0
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Freedman et al. 2019 ApJ 882 34 

Galaxy selection bias? 
No mention of constraint on ARGB group size .  
A group size  varying with  will produce systematic 
errors in estimating .

n
n = n(z) z

H0

20

*Recall cosmic star formation rate peaks at z = 1 − 2

-tension?H0
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Gaussian PDF

2σ

p0(x) =
1

2πσ
e− x2

2σ2

x

p0(x)

p0(x)dxProbability to be between  and :x x + dx

Probability density function (PDF): 

PDF of a normal distribution with STD  and mean value σ μ = 0

(c)2020 van Putten
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Taking a finite sample

Example of a distribution of 8 points, taken as a sample of size  
from a Gaussian PDF 

What is the PDF of the maximum of such samples of size ? 

If , the maximum reduces to  and .  

The expectation of this maximum increases with , so .

n = 8

n

n = 1 x E{x} = μ = 0

n E{x} > 0

(c)2020 van Putten
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PDF of maxima from a Gaussian

y =
x

2σ
, erf(y) =

2

π ∫
y

0
e−s2ds :

p(x) =
n
σ

2
π

erf(y)n−1e−y2

Can show, the PDF of the maxima of the absolute value of a sample 
of size  taken from a Gaussian with STD  and mean : n σ μ = 0

e.g., van Putten, 2016, ApJ, 816, 169 

(c)2020 van Putten

p(x) = 2p0(x)erf(y)n−1
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PDF maxima of some finite samples

(c)2020 van Putten
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Uncertainty by n′ (z)
Measurement is by peak in the tail of RGB: max brightness over a group of size :   

PDF(peak, ) is a skewed Gaussian 

Expectation value of peak increases with :  

          

When  varies with redshift, 

          

A small change over the redshift range of the galaxy sample 
suffices to introduce a systematic uncertainty of about 5% in the  estimate.

n

n

n

n
dE{x}

dn
≃ 0.4 − 0.6 (n = 102−6)

n = n(z)

dE{x}
dz

= (0.4 − 0.6) n′ (z)
n(z)

n−1Δn ≃ 10 %
H0
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Without further bservational constraints on , this measurement of  cannot 
be put into context of the existing tension between  from the Local Distance 
Ladder and ΛCDM analysis of the CMB.

n(z) H0
H0

Freedman et al. 2019 ApJ 882 34 

Systematic uncertainty

If  decreases with redshift 
(smaller RGB tails deeper in the 
survey), distances are over-estimated 
and  is underestimated.  

The working assumption of constant  
invariably implies a systematic error. 

n = n(z) z

H0

n
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Summary

ΛCDM works well for  in fits to  CMB.  
 is the  component in the same fitting exercise. 

 from ΛCDM/CMB gives  close to 10% below what is measured 
by the Local Distance Ladder. Presently at 4.4σ level of significance, 
this -tension is probably real. 

 of the Local Distance Ladder poses a significant challenge to a key 
assumption of ΛCDM: Λ is constant and the future is de Sitter. 

If  of the Local Distance Ladder is correct, Λ is likely dynamic and a  
future is de Sitter state likely to be unstable.

l > 0 P(k)
H0 l = 0

H0 H0

H0

H0

H0
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Λ-proposal (1931)

Excerpt of Einstein’s steady-state 
manuscript (Einstein, 1931a; 

Hebrew University of Jerusalem) (ℛik −
1
2

gikℛ) − λgik = κTik
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“DE and DM represent the infrastructure of modern cosmology. The nature and 
low value of DE, that is of the cosmological constant, is a strong theoretical 
challenge. Conventional cosmology offers no explanation.  

DM also remains an outstanding mystery. Here the challenge is more 
observational than theoretical, however. Many experiments world-wide are 
seeking to find evidence for the elusive weakly interacting particle that is the 
favoured DM candidate. Should these attempts fail, and there is already a full 
programme for the next decade and beyond, one may need to reconsider the DM 
paradigm.”  

J. Silk (2017).

DE-DM challenge
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Cosmological spacetime?

The cosmic measurement problem: If the universe, either its content or in its 
entirety, was once (and still is) quantum, how can there be (apparently) 
classical structures now?  S.E. Rugh & H. Zinkernagel (2017)

Our experience with spacetime is by observational astrophysics and 
cosmology. Most believe a theory of (cosmological) spacetime must 
derive from basic principles of quantum mechanics.  
However, we do not know whether or not cosmological spacetime is  

         Classical (collapsed)? 
         Partially classical, e.g., collapsed over a limited section of  ? 
         Emergent? Recall Bekenstein-Hawking entropy BH spacetimes…

P(k)

Mach’s challenge: origin inertia in a realistic cosmology?
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Entropic forces?
Recently, there have been various attempts to view general relativity and Newton’s 
law of gravitation to be a state of thermodynamic equilibrium. These ideas build on 
(1) microscopic degrees of freedom at the Planck length scale  and 
(2) entropic forces, converting heat and work mediated by entropy gradients. 

Entropic forces are well-illustrated in the theory of Ideal Chains, describing a spring 
with spring constant proportional to temperature of a Freely Joined Chain (FJC) of 

 elements of length . This theory is commonly used to describe the curling up of 
DNA molecules in nuclei of cells.

lp = Gℏ/c3

N b

Ideal Chain - stretched Ideal Chain - curled up

(r, S) r′ < r, S′ > S
b
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Ideal Chain theory
In the 1D random walk theory, the phase space of an Ideal Chain at length  is 

, where the  refer to the number of steps to the right and, 
respectively, left, subject to  and ; equivalently,

.  

The associated probability for the FJC to have length  is . Using Stirling’s 
formula, , we arrive at a Gaussian with STD equal to , 

                                , 

      whereby  . In three dimensions, , the above for 

      , becomes   

                                

      with the familiar random walk expectation value . 

r = x
W = N!/n+!n−! n±

x = n+ − n− N = n+ + n−
n± = (1/2)(N ± x)

x p = 2−NW
n! = 2πnnne−n N

p(x) =
1

2πN
e− x2

2N

⟨r2⟩ = N r2 = x2 + y2 + z2

dP = p4πr2dr

p(r) = ( 3

2πNb2 )
3
2

e− 3r2

2Nb2

⟨r2⟩ = b N
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Ideal Chain Free Energy
The conformational entropy of an ideal chain is given by the Boltzmann entropy 

. From the theory of Ideal Chains, we have  

                  

     showing a lower entropy for a relatively more stretched out state.  

The associated free energy  gives rise to an entropic force associated with its 
deformation,  

                  

     with a Hooke’s spring constant  

                 .

S = kB ln W

S(r) = − kB
3r2

2Nb2
+ S0

F = TS

f =
∂F
∂r

= κr

κ =
3kBT
Nb2



(c)2020 van Putten 35

A suggestive approach to accelerated expansion by  derives, by entropic forces 
represented by (negative) pressure  on the cosmological horizon surface of area 

: 

             

Building on a de Sitter temperature , and cosmological entropy 

 analogous to the Bekenstein-Hawking black hole entropy, 

and using the equation of state of dark energy, , we readily infer  

           

This agrees remarkably well with today’s estimates. But it also stipulates , 

which is completely ruled out in the not-too-distant past , when the Universe was 
in its matter dominated state with .

Λ
p

AH = 4πR2
H

pAH = − TH
∂SH

∂RH

TH =
Hℏ
2π

SH =
1
4

kBAH /l2
p = πkBR2

H /l2
p

ρΛc2 = − p

ρΛ = c−2 1
4

TH A−1
H

∂AH

∂RH
=

H2

4πG
=

2
3

ρ0 (ρ0 =
3H2

8πG )
ΩΛ =

ρΛ

ρ0
≡

2
3

(z ≳ 2)
ΩM ≃ 1, ΩΛ ≃ 0

DE is entropic?

Easson, Frampton & 
Smoot, 2011, PLB, 696, 
273
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Einstein’s interpretation of Mach’s Principle in these years implied that 
space could not have a physical reality an infinite distance from matter. This 
created a puzzle regarding the correct boundary conditions for his 
cosmology, a puzzle that was only resolved by the postulate of a closed 
spatial geometry for the universe (Realdi and Peruzzi 2009; Smeenk 2014; 
O’Raifeartaigh et al. 2017).  

Mach’s Principle on inertia?

But the universe is three-flat: open by Ωtot ≃ 1



(c)2020 van Putten 37

Opportunity from challenge
Cosmological spacetime is not Minkowski spacetime: there is no asymptotically flat 
infinity, rather, a cosmological horizon  at finite Hubble radius . Hence, 
“energy-at-infinity ” is not defined. Instead, an object of mass  within has an 
entanglement entropy with the extended region outside of , satisfying  

               

    associated with the Compton phase  given , where  is  
    Boltzmann’s constant, by its propagator (van Putten, 2015, IJMP-D, 24, 1550024). 

ℋ RH = c/H
E m

ℋ
S = 2πkBφH

φH = kRH k = mc/ℏ kB

            

i.e. de Sitter temperature defined by  and , anticipated by a loss of Poincare 
invariance in the face of Lemaitre’s Big Bang  in the past. It implies a finite 
energy  per degree of freedom in the Universe.

kBT = ( ∂S
∂mc2 )

−1

=
ℏc
RH

=
Hℏ
2π

,

H ℏ
H−1

ϵ ∼ Hℏ

 mplies an associated thermodynamic temperature ,  S (m ≪ M)
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Next, recall that , where  is the gravitational radius of all mass-
energy  in a three-flat Universe within .  hereby appears as Mach’s reference 
mass, given Newton’s constant . 

Accelerating  gives an entropic force  in the presence of aforementioned 

de Sitter temperature. Thus changing total energy to ,  at velocity 
, satisfies 

                     . 

This outcome is the same in ’s Rindler spacetime, possessing a Rindler horizon  at 
Unruh temperature  at distance , provided that , i.e., , 
where  is the de Sitter acceleration associated with . This equivalence breaks 
down whenever .

RH = 2RG RG = GM/c2

M RH M
G

m F = TdS/dx
mΓ Γ = 1/ 1 − β2

v = βc

F = ( Hℏ
2πc ) (2π

mc
ℏ

RH) ∂Γ
∂v (v−1 dv

dt ) = ma

m h
aℏ/2πc ξ = c2/a ξ ≤ RH a ≤ adS

adS = cH H
a < adS

Mach’s Principle via RH
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Summary

In the face of three-flatness, the problem of DE is much larger, as it 
involves also the cosmological distribution of DM and accounting for 
Mach’s Principle on inertia. 

Some recent explorations on DE build upon entropic forces, well-
understood in polymer dynamics, yet explorative towards (improving) our 
understanding of cosmological spacetime. 

These explorations are motivated by increasingly quantitative data on 
 and some illustrative results suggesting a potential role of 

entropic forces, combining various first-principle proposals on entropy 
and temperature of cosmological spacetime arising from Planck sized 
degrees of freedom.

(H0, q0)

Observational evidence for DE (Local Distance Ladder, based on 

, ΛCDM analysis of CMB) poses novel questions on the nature 

of cosmological spacetime - challenged at both ends of .

q0 =
1
2

ΩM − ΩΛ < 0
P(k)


