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Spacetime: local picture 

Newtonian theory considered gravitation to be a force in space, whereby 
space and time are absolute: space is flat and inertia is constant.  

Galilean relativity principle in absolute space and time violates the 
constancy of the velocity of light  in any inertial frame, empirically and by 
Lorentz invariance of Maxwell’s theory of electromagnetism. 

The theory of special relativity resolves this. Postulating a universal value of 
the velocity of light, , it introduces the notion of a covariant - observer 
independent - signed spacetime interval: negative (positive) for space-like 
(time-like) intervals.  

Light propagates along null-trajectories, the generators of light cones 
whose tangents are spacetime intervals with length zero.  

The causal structure of spacetime is locally defined by invariant light cones.

c

c
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Equivalence Principle 

In his theory of general relativity, Einstein gives a covariant embedding of 
Newton’s theory of gravitation in curved spacetime, abandoning 
Newton’s gravitational forces altogether. As a result, gravitation and 
spacetime are inextricably related.

General relativity is based on Einstein’s Equivalence Principle: the 
gravitational field imparted by local acceleration (“created on-the-fly”) 
and that created by a nearby mass (e.g. Earth) are entirely equivalent. 
By the superposition principle, they may cancel: in free fall (“geodesic 
motion”), the gravitational field is zero, and all objects move equally and 
indistinguishably… 

https://sci.esa.int/web/lisa-pathfinder/-/
56434-spacetime-curvature

Abandoning Newton and Galileo’s 
absolute space and time, where is 
gravitation? 
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David Scott: “… hopefully, they’ll hit the ground at the same time”

Apollo 15 1971
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Galileo (2018)

Human Universe, BBC https://www.bbc.co.uk/programmes/p02985m0
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The de Sitter scale in gravitation

Ernst Mach (1838-1916)

General relativity works “unreasonably well” relatively local 
to the Universe, e.g. the Solar system, the central bulge of 
galaxies, to which the Universe at large appears to be 
asymptotically flat. 

Indeed, recall that Einstein’s Equivalence Principle is local: 
it does not take into account Rindler horizon surfaces of 
accelerating observers.

These two issues are related. “Local to the Universe” is no longer defined when 
the Rindler horizon at distance  reaches the Hubble horizon at radius . This 
happens at the de Sitter scale of acceleration  of the cosmological 
background: 

ξ RH
adS = cH

ξ =
c2

a
, RH =

c
H

,

ξ = RH : a = cH .
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Inertia

Ernst Mach (1838-1916)

Mach highlighted the need to also give a physical account 
for inertia.  
The origin of inertia is also not addressed in Einstein’s 
theory: it drops out altogether in the equations of geodesic 
motion in curved spacetime!  
In Newton’s 2nd law, it is assumed to be a given constant, 
the same at all accelerations . α

Applied force  F

Observed 
acceleration  α

aN =
1

m0
F

Newton:  is the same at all 
accelerations: 

m0
α = aN

?
Not accessible to 

laboratory 
experiments
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Newton’s 2nd law?

Ernst Mach (1838-1916)

Mach suggested a non-local origin of inertia, in motion 
relative to “where most of the mass is”: the distant stars. This 
is fine locally (e.g., on the scale of a solar system, i.e.: in 
“asymptotically flat spacetime”), but becomes ill-defined on 
cosmological scales. 
The basic idea behind “Modified Newtonian 
mechanics” (MOND) is that perhaps Newton’s 2nd law does 
not hold when accelerations become sufficiently small: 

 aN

 α

m < m0 : aN < α < adS

Expected Newtonian 
acceleration

Reduced inertia, if 
true, naturally gives 
rise to anomalous 
rotation curves in 

galaxies 

?
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What is cosmological spacetime?
Cosmological spacetime describes the evolution of the Universe on a 
Hubble scale, from the Big Bang to the present. 

As such it introduces a number of open questions, e.g., 

Early cosmology: birth of spacetime and its initial entropy (during, prior to 
the Big Bang?) And the origin of homogeneity and isotropy on the largest 
scales (inflation?); baryogenesis (why baryons only?)… 

Late-time cosmology: apparent distributions of dark matter when building 
on Newton’s theory (ignoring ) and dark energy, building on general 
relativity.  

In our attempts to apply general relativity to cosmology, we ignore Mach’s 
challenge in the absence of asymptotic flatness in the face of the Hubble 
horizon. With total mass-energy undefined, cosmological content is 
defined, instead, in terms of (dimensionless) densities (normalized to 
closure density). 

adS

For now, we shall focus on late-time cosmology
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General relativity (1915-16) 

Foundations of general relativity Field equations of gravitation
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Cosmological evolution by general relativity? 

A starting point to study cosmological spacetime is given by 

(1) The FLRW line-element of homogeneous and isotropic cosmologies 

      

(2) The Einstein equations in spacetime with stress-energy tensor  of 
matter with density  and pressure , 

        

where the Einstein tensor is the combination  

        

derived from the Riemann tensor  of the metric tensor .

ds2 = gabdxadxb = − dt2 + a(t)2(dx2 + dy2 + dz2)
Tab

ρ p

Gab = 8πTab, Tab = (ρ + p)uaub + gabp

Gab = Rab −
1
2

gabR

Rabcd gab
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The cosmological constant

Einstein realized early on that his Einstein tensor is not unique:  

The Einstein tensor satisfies the property of being divergence-free,       
crucial to ensure local conservation of energy-momentum: . 

      

The four-covariant derivative  preserves light cones by parallel 
transport. As such, it satisfies . 

  
For any constant , therefore, . We may 
alternatively propose (e.g., Einstein 1923) 

        

    Equivalently, there is an additional contribution to stress-energy: 

       

∇aTab = 0

∇aGab ≡ 0

∇a
∇agbc ≡ 0

Λ ∇a(Λgab) = Λ∇agab ≡ 0

Gab + Λgab = 8πTab

Gab = 8πTab − Λgab
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So, what is Lambda? Willem de Sitter in AH (a 
national news paper, July 9, 

1930). Caption: “However, who 
inflates the balloon? Causing 

the Universe to expand, to 
swell? That does Lambda. 
There is no other answer.”  

(Leiden Observatory Archives)
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Friedmann equations
The basic framework for studying cosmological spacetime is 

(1) The FLRW line-element of homogeneous and isotropic cosmologies 

      

(2) The Friedmann equations of motion, in standard form specialized to three-flat 
cosmologies, are  

        

         

For a mass density  with pressure  and dark energy density , 
where the first equation derives from the Hamiltonian energy constraint of the 
Einstein equations (the 00-component), while the second derives from the space 
like diagonal elements of the Einstein equations (the ii-components). 

ds2 = − dt2 + a(t)2(dx2 + dy2 + dz2)

(
·a
a )

2

=
8π
3

ρ +
1
3

Λ

··a
a

= − 4π ( 1
3

ρ + p) +
1
3

Λ

ρ p ρΛ = Λ /8π
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A de Sitter cosmology
For a given prescription of matter and dark energy, the Friedmann 
are readily integrated, numerically or, when we are lucky, 
analytically. 

Consider a de Sitter spacetime: ρ = p = 0, Λ > 0

We can work directly from the first Friedmann equation: 

 . 

With ,  defines an exponentially expanding universe, 

                     

with constant Hubble parameter .

(
·a
a )

2

=
8π
3

ρ +
1
3

Λ =
1
3

Λ

Λ > 0 ·a/a = Λ/3

a(t) = a0eH0t,

H0 = Λ/3



(c)2020 van Putten 17

Late-time ΛCDM cosmology

Consider a universe with dust: pressure-less matter . 
As dust, matter density satisfies  

             

ρ > 0, p = 0, Λ > 0

ρ = ρ0 ( a0

a )
3

Since , we can work again directly with the first Friedmann equation, that we 
now write as an evolution equation for  of the normalized densities: 

             . 

Explicit solutions  require numerical integration. In many instances, it 
suffices to have at hand  (and derived quantities such as ). In the distant 
future, it evolves to aforementioned de Sitter cosmology with Hubble parameter 

.

p = 0
H(z)

H(z) = H0 1 − ΩM,0 + ΩM,0(1 + z)3

a = a(t)
H(z) q(z)

H−1 = H0 1 − ΩM,0
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Summary

On a Hubble scale, the Universe appears homogeneous and isotropic, 
described by a Friedmann scale factor . To a limited extend, its 
evolution may be considered by general relativity (GR): 

       GR is non-unique: it leaves open a cosmological constant, Λ, i.e., dark  
       energy . GR gives a solid framework for, e.g., the solar  
       system in effectively asymptotical flat spacetime with well-defined  
       mass-energy at infinity and . Such niceties fall by the wayside in  
       cosmology, facing a Hubble horizon and, observationally, . 

ΛCDM is a popular framework especially in analyzing the CMB, wherein 
Λ is assumed to be a constant. In particular, ΛCDM posits a stable de 
Sitter (dS) state in the distant future. 

There is, however, no theoretical basis for a constant . In fact, 
low-energy quantum gravity and string theory suggest dS is unstable 
on a Hubble time scale, putting ΛCDM in the “Swampland.” 

Progress crucially depends on accurate determination of .

a = a(t)

ρΛ = Λ/8π

Λ = 0
Λ > 0

Λ > 0

H0
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Hubble scale of the Universe

Local Distance Ladder is a bootstrap of various observations:  

Parallax: up to 8 kpc with GAIA 

  … 

     …  

        … 

GAIA/ESA
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Hubble scale of the Universe

Local Distance Ladder is a bootstrap of various observations:  

Parallax 

  … 

     Cepheid Variables  

     …  

        … 

            NGC 4603/HST

D ≃ 33 Mpc
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Cepheid Variables
Fairly luminous  high-mass stars on the 
instability strip in the HR-diagram: observable out to few tens 
of Mpc (notably NGC 4603)

(−7 < M < − 4)

https://www.atnf.csiro.au/outreach/education/senior/astrophysics/variable_cepheids.html
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Cepheid Variables
Satisfy Leavitt’s Period-Luminosity law: bright have long 
periods, now calibrated by (first-principle) HST/FGS (“Fine 
Guidance Sensor”), Hipparcus and, now, also Gaia 
parallaxes. 

RR Lyrae are similar (Pop II)

Breuval, L., et al., 2019, astro-ph/1910.04694v1
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Cepheid Variables/HST
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Cepheid Variables/HST
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Cepheid Variables/HST
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Sketch of extracting Cepheid light curves

• (V,I)-HST image series over months, cadence several days 
• Image cleaning, e.g., detector defects, cosmic rays, satellite trails …

http://spiff.rit.edu/classes/phys240/lectures/cepheid/cepheid.html

• Identify stars by position and brightness in all images 
• Check brightness variations: “master list” of matched up stars in all images 
• Identify Cepheids in the “master list”
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• Identify Cepheids in the “master list”

Sketch of procedure

Sample of the light curve of a star in M81
http://spiff.rit.edu/classes/phys240/lectures/cepheid/cepheid.html
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Sketch of procedure

• Convert to Leavitt’s Period-magnitude diagram:

Cepheids in M81

http://spiff.rit.edu/classes/phys240/lectures/cepheid/cepheid.html

Cepheids in LMC

Infer distance by comparing with Leavitt’s 
relation of Cepheids in the LMC
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Sketch of procedure

• Convert to Leavitt’s Period-magnitude diagram:

D2

D1
= 100.2(M2 − M1)

DLMC ≃ 50 kpc

Some common practical caveats: 

Dependence on metallicity (chemical composition) 

Crowding and confusion (mix-up of several stars, imposters…): over- or under-
estimates (systematic errors!) 

…
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1908: H.S. Leavitt discovers a relationship between a Cepheid's brightness and its pulsation    
          rate, permitting accurate distance estimates from Cepheids. 

1912: V. M. Slipher studies 50 "spiral nebulae” and finds that notices that most of them are r 
          receding at high velocity. 

1916-1927: Einstein derives a static model cosmology by adding Λ to matter. W. de Sitter  
       responds with an expanding universe with Λ, devoid of any matter. 

1923-9: E. Hubble finds 12 Cepheid Variable in M31 and M33 and infers, based on Leavitt’s  
       law, these are (extragalactic) galaxies. Hubble shows cosmological spacetime is  
       expanding (18 spiral galaxies showing a receding velocity proportional to distance). 

1956: A. Sandage revisits Hubble’s observations, noticing groups of stars of clouds of 
      illuminating gas may be confused with bright single stars. Sandage revised the  
      Hubble parameter close to today’s value .H0 ≃ 75 km s−1 Mpc

https://hubblesite.org/contents/news-releases/1999/news-1999-19.html

Historical timeline
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HST  Key Project

     “BUILDING A LADDER TO THE STARS – THE 90-YEAR QUEST FOR  
      THE SIZE OF THE UNIVERSE” 

   “Albert Einstein rejected it, Edwin Hubble embraced it, and many astronomers  
    since then have debated it. … By nailing down the Hubble constant, 
    astronomers can figure out the size of the universe and work backward to  
    determine how long it has been around (Lemaitre).”

H0

https://hubblesite.org/contents/news-releases/1999/news-1999-19.html

Nowadays,  is key to finding whether or not -tension in ΛCDM and the Local 
Distance Ladder is real. If true, Λ is not constant, giving a window to a new theory of 
(gravitation in) cosmological space-time. 

H0 H0
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HST  ProjectH0

In the footsteps of Hubble: Local Distance Ladder extended from 
distances to Cepheids in nearby spiral galaxies:

Freedman, W.L., et al., 2001, ApJ, 553, 47
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HST  Key ProjectH0

In the footsteps of Hubble: Local Distance Ladder extended from 
distances to Cepheids in nearby spiral galaxies:

Freedman, W.L., et al., 2001, ApJ, 553, 47

https://hubblesite.org/contents/media/images/1999/19/817-Image.html?news=true
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HST  Key ProjectH0

H0 = 75 ± 10 km s−1Mpc

Freedman, W.L., et al., 2001, ApJ, 553, 47
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Many new cepheids in 18 
galaxies discovered.  

Giant spiral M81: 32 Cepheids 
new (only two previously known). 

22 20-min exposures of each of 
two fields in M81:  D=3.4 Mpc.

M81

Credit: NASA, STScI

http://www.nasa.gov/
http://www.stsci.edu/
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Each row shows 4 successive views 
containing a Cepheid (marked). 

Key project result: H0 = 72+/-8 km s-1 
Mpc-1.  

Based on Cepheids combined with other 
techniques: Type Ia and Type II 
supernovae, Tully-Fisher relation and 
surface brightness of galaxies.  

The uncertainty of the value was close to 
the original +/- 10% target for the 
project.

M81

Credit: NASA, STScI

http://www.nasa.gov/
http://www.stsci.edu/
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Tully-Fisher relation

Tight relation between luminosity (tracking baryonic mass, ) and mean 
rotational velocity  in the flat part of the rotation curve of spiral galaxies   

(Left: based on HI and Hα in SPARC)  

Mb
Vf

a =
Vs

f

GMb
: s = 3.85 ± 0.09

Lelli, F.,  et al., 2019, MNRAS, 484, 3267
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Building the ladder

40

Freedman, W.L., et al., 2001, ApJ, 553, 47
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HST  Key ProjectH0

In  with 
uncertainties “random” and 
“systematic”

km s−1Mpc−1

Type Ia supernovae: H0 = 71 ± 2 ± 6

Tully-Fisher: H0 = 71 ± 3 ± 7

Surface brightness fluctuations: H0 = 70 ± 5 ± 6

Type II supernovae: H0 = 72 ± 9 ± 7

Fundamental plane: H0 = 82 ± 6 ± 9

Combined: H0 = 72 ± 8

Tully-Fisher luminosity-maximum rotation 
velocity correlation in spiral galaxies permits 
extragalactic distance measurements (Tully & 
Fisher 1977).
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HST  Key Project: SZ-effectH0

Open squares: results from distances inferred from the 
Sunyaev-Zeldovich effect in galaxy clusters (up-scattering 
of CMB photons by hot X-ray intergalactic gas)

Freedman, W.L., et al., 2001, ApJ, 553, 47
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Age of the Universe

43
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Summary
Spacetime and gravitation are inseparable and cosmological spacetime 
is no exception.  

Accurate measurement of the Hubble parameter  and, more 
generally,  in late-time cosmology is crucial in seeking progress on 
the nature of cosmological spacetime. 

Advanced measurements by a Local Distance Ladder show a Hubble 
parameter of about  with an uncertainty that is 
continuously improving.  

As uncertainty improves, what comes into view is a new - unexpected? - 
discrepancy between estimates of the Hubble parameter from the Local 
Distance Ladder and ΛCDM analysis of the CMB!  

 from the Local Distance Ladder is somewhat higher than the latter 
(currently by about 9%). This is commonly referred to as the -tension 
problem. Conceivably, it may be a telltale sign of the origin of a dynamic 
dark energy.

H0
H(z)

H0 ≃ 70 km s−1Mpc−1

H0
H0


